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ON C* AND GEVREY REGULARITY OF SUBLAPLACIANS

A. ALEXANDROU HIMONAS AND GERSON PETRONILHO

ABSTRACT. In this paper we consider zero order perturbations of a class of
sublaplacians on the two-dimensional torus and give sufficient conditions for
global C'*° regularity to persist. In the case of analytic coefficients, we prove
Gevrey regularity for a general class of sublaplacians when the finite type
condition holds.

1. INTRODUCTION AND RESULTS

The problem of hypoellipticity (analytic, Gevrey, and C*°, local and global) for
sublaplacians, although it has been studied extensively by many authors, is still
the source of many unresolved questions, since there is no necessary and sufficient
condition that characterizes hypoellipticity of a sublaplacian in its general form.
Here, we begin with the study of zero order perturbations of the model operator
—0? — ()92, which is well known to be globally C°*° hypoelliptic in T? when a
is a real valued function in C*°(T) and is not identically equal to zero (see [FOI,
[HI]). Then we continue with the study of Gevrey regularity of a larger class of
operators when the finite type condition holds.

For stating our results we need the following definitions. Let s > 1. We say that a
function f € C*°(TV) is in the Gevrey class G*(T") if there exists a constant C' > 0
such that |02 f(z)| < ClelFi(al)®, for all a € ZY, € TV, In particular, G} (TY)
is the space of all periodic analytic functions, denoted by C¥(T"). We recall that
a distribution w € D'(TV) is in G*(TY) if and only if there exist constants e¢ > 0
and C' > 0 such that

la(6)| < Ceé* | ¢ ez,

A linear partial differential operator P defined on TV with coefficients in C>°(T)
is said to be globally C* hypoelliptic in T if for any u € D’(T") the condition
Pu € C®(TV) implies that u € C°°(TY). If P has coefficients in C¥(T"), then
it is said to be globally G* hypoelliptic in TV if for any u € D’(T") the condition
Pu € G*(TY) implies that u € G*(T™). When s = 1 we say that P is globally
analytic hypoelliptic in T™.

Next we state our first result.
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Theorem 1.1. Let a and ¢ be real valued functions in C*°(T), with a £ 0, and let
P be given by

P =07 —a®(t)0? + c(t).
If there exist an open neighborhood U C [—m, ) of the set (a®)~1(0) and a constant
C such that

(1.1) c(t) > Ca®(t) — ST

then P is globally C°° hypoelliptic in T?.

6>0, Vtel,

Remark 1.1. Two cases in which Theorem [[T] applies are when ¢(t) > or

1
T 8mw2440
when a? and c are linearly dependent over R.

Remark 1.2. Using the ideas in the proof of Theorem [Tl one may generalize it to
include operators of the form

P =02 —d®(t)0? + b(t)0y + c(t),

where b € C°°(T) and a, ¢ are as in Theorem [[LTl This generalization will be useful
in proving Theorem [£.4] in Section 4.

If the finite type condition holds, which in the case of Theorem [[T]reads dFa(ty)
# 0 for some nonnegative integer k = k(o) for all t¢ € T, then P is locally
hypoelliptic (see [Hol], [RS]) and therefore globally hypoelliptic. However, when it
fails and, in particular, when the zero set of a(t) is large, then Theorem [Tl provides
a sufficient condition for P to be globally hypoelliptic, although it is not locally
hypoelliptic. Condition (LI) says that that c(t) is not too negative on the zero
set of a(t). It is easy to see that if a = 0 and ¢ = —m?, where m is an integer,
then P is not globally hypoelliptic. Also, we recall that when ¢ = 0, then P is
globally hypoelliptic iff there is a to € T such that a(to) # 0 (see [FO], [HI]). Is this
true for any perturbation ¢? This is one of the questions we are exploring in this
work. We mention here that one of the earliest results on zero order perturbations
of sublaplacians is due to Stein [9].

If @ is an analytic function in T, then P is globally analytic hypoelliptic in T?,
for any ¢ € C¥(T), thanks to Theorem 1.1 in [CH]. In our next theorem we shall
extend this result into the Gevrey case.

Theorem 1.2. Let P be given by
(1.2) P=->"X}+Xo+c,
j=1

where
X]‘ = Z ajk(t)atk + Z bjk(t)amk, ] = 0, HI 2
k=1 k=1

with (t,x) € T™ x T™, and suppose that the coefficients ajx,bji are real-valued
functions in C*(T™) and ¢ = c(t,z) is a real valued function in C*(T"t™). If the
following conditions hold:

(i) every point of T"t™ is of finite type;

(ii) the vector fields Y} _, aji(t)0,, j=1,--- ,v, span T;(T™) for everyt € T",
then the operator P is globally G* hypoelliptic in T™T™.,
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We recall that a point in T?™ is of finite type, if the Lie algebra generated by
the vector fields Xg, X1, -+, X, spans the tangent space of T there.

For results on the interesting open problems of local and global hypoellipticity
of sublaplacians we refer the reader to the following works as well as the references
listed therein: Amano [A], Baouendi and Goulaouic [BG], Bell and Mohammed
[BM|, Bove and Tartakoff [BT], Derridj [D], Fedii [F], Gramchev, Popivanov and
Yoshino [GPY], Greenfield and Wallach [GW], Himonas [H2], Himonas and Petron-
ilho [HP], Hérmander [Ho|, Kohn [K|, Oleinik and Radkevic [OR], Rodino [RI,
Rothschild and Stein [RS], Taira [T], Tartakoff [Ta], and Treves [Ti].

2. PrROOF OF THEOREM [LT]
Let u € D’(T?) such that
Pu=f, fecC>®(T?.
By taking a partial Fourier transform in the last equation we obtain
(2.1) (07 + > (1) + c(t)] alt, €) = [(t,€),
for all § € Z and t € T. Since () is elliptic in ¢ we have that u(t,) € C°°(T) for

each fixed . Multiplying (2.1 by @ and integrating by parts with respect to t € T
gives

(2.2) / e, €) Pt + / (€262 (1) + (b)), €)[Pdt = / F(t. )it €)dt.

We shall need the following two lemmas.

Lemma 2.1. Under the hypotheses of Theorem [l there exist constants My >
0,L > 0 and an interval I C T such that

(2.3) Ea*(t) +d(t) > L, Y tel, and |&| > My,
1
where d(t) = c(t) + o
Proof. If t € U, then the hypothesis (IT]) implies that
(2.4) 2a®(t) +d(t) = a*(t) + Ca?(t) = a*(t)(€* + O).

Since U is an open neighborhood of (a?)~1(0) there exists ty € U\(a?)~*(0). Thus
a®(to) > 0. Hence there exist an interval I C U and a constant C; > 0 such that

(2.5) a’(t)>Cy, YV tel
It follows from (24]) that
(2.6) €2a%(t) +d(t) > a®(t) (2 +C), V te L

If C >0, then for ¢ € I it follows from (2.6) and ([2.3) that
(27)  €a’(t) +d(t) > ®(t)(§* +C) = C1(€+ C) 2 C1(1+C), V g > 1.

Thus in the case C > 0 we have L = C1(1 + C) and My = 1. If C < 0, then it
follows from (20 and (23) that

(2.8) 2a2(t) +d(t) > a*(t)(E2+C) > Cy, YV t€ I, and [¢] > V1 -C.

Hence in the case C' < 0 we have L = Cy and M; = /1 — C. The proof of Lemma
2.1is complete. O
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Lemma 2.2. Under the hypotheses of Theorem [L1l there exists a constant My > 0
such that

(2.9) €a®(t)+d(t) >0, V t €T, and || > My,
where d(t) = c(t) + ﬁ

Proof. If t € U, then the hypothesis (ILT]) implies that

(2.10) a’(t) +d(t) > £a’(t) + Ca®(t) = a®*(t)(£* + C).
If C > 0, then it follows from (ZI0) that

(2.11) €2a?(t)+d(t) >0, VteU, £ cZ.

If C <0, then it follows from (2.I0) that

(2.12) 2a*(t)+d(t) >0, YV teU, [¢>V-C=K;.

Let W be an open neighborhood of the set (a?)~!(0) such that W ¢ W C U.
Thus the set V=[—m, 7]\W is a compact set. Also, let my = minsey d(t) and
m, = mingey a?(t). Since a?(t) > 0 for all t € V we have m, > 0. Thus, for t € V
we obtain

(2.13) E2a%(t) + d(t) > 2a*(t) + mq > Emqy + my.
If mq > 0, then it follows from (2I3) that

(2.14) Ea*(t) +d(t) >0, VteV, £E€Z.

If mg < 0, then it follows from (ZI3) that

(2.15) Ea2(t)+d(t) >0, YV teV, ¢ > ,/_T;nd = K.

We set My =max{K;, K2}. If C > 0, then it follows from [2.I1)), 214) and (2I5)
that

2a’(t) +d(t) >0, V teT, [¢| > Mo,

which completes the proof in this case. If C' < 0, then it follows from [212)), (Z14)),

and (210 that
a*(t)+d(t) >0, ¥ teT, || > Mo.

This completes the proof of Lemma O

Going back to the proof of Theorem [[.T], we shall use the letter C' to represent a
constant, which may change a finite number of times. For |{| > M, it follows from
[22) and Lemma [2.2] that

/ (e, )Pt + / [€2a2(t) + d(t))|a(t, €)dt = / F(t €)a(t, )t
T T T
)

1 . 2
+ m/TW(f,fﬂ dt

o 1 .
[ioitoi+ o [laopal
1
8m2 446

(2.16

IN

IN

F GO peemylal, )l L2 ery + 1@ (-, )l L2 (T)-
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By using the fundamental theorem of calculus we obtain
(2.17) jat, ) < 2 (ja(r, ) + Al €) 132

Vt € [—m, 7], Vr € I and V¢ € Z. Moreover, since P is elliptic in I x T, given N € N
there exists C' > 0 such that

(2.18) la(r,&)| < C|l¢|72N, Vr e I, V€€ Z.
Then, using [2I7) and (ZI]) it follows that
(219)  [a(t, ) < CIE + dmlan(,€) |2y, Vit € [—m7] and VE € Z.

Therefore, we have
(220) [ttt €0 < € + 8 Ol s
By using ([2I6]) and (Z20)) it follows that
(L O + /T[EQaz(t) +d(®)]at, &)Pdt < [1F (2 llal )lle2em)

(2.21) + ClET*N +alla (- O)llreemys ¥ 1€l = Mo,
where a < 1. Thus it follows from (Z2I]) and Lemma 22 that for |{| > M5 we have

(1-a) (mt(-,snz + [lea + d<t>]a<t,5>|2dt)

(2.22) < IOl Ol + Cle 2.
It follows from (ZIT) that there exists a constant C' > 0 such that
(2.23) i )3 < C (nat(-,onim - |a<s,e>|2ds) |

For €| > K=max{M;, My} it follows from ([223), (23), and ([29) that
¢ (IOl + [ 7 (€0266)+d(s) s, s
0 (w3 + [ (a0) + ) . Pae).

(-, ONZar)

IN

IN

Hence, for |¢] > K,

O < () (el + [ (€00 + d)lac P )
(2:24) < GO (- ) Luser + Clel 2
or

A

N OlFem < CUFCOlLamllal, Oz + ClEIT2N
< OGO ary + 5140 Ol + CleI™.
For || > K it follows from the last inequality that
(2.25) e, 72y < CHFC O + ClETN.
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Since f € C°°(T?), inequality ([225]) and the Cauchy-Schwarz inequality imply that
given N € N there exists C' > 0 such that

(2.26) la(r,€)| < Cle™v, 1€ > K.

Since P is elliptic at (70,0),79 € Z\{0}, there exist constants C' > 0 and L > 0
such that

(2.27) la(r, &) < C(Ir[+ €N, Ir] > LIgl.
It follows from (2:28]) that

(225) a(r, &) < O(rl +1€) ™, Irl < SLiel and [¢] > .

Now, inequalities [Z27) and ([Z28)) imply that u € C°°(T?), since we have the
estimate

la(r,€)| < C(Ir| + €)Y, (1,€) € Z\F,
where F is a finite set of points in Z2. Therefore, the proof of Theorem [ is
complete. O
3. PROOF OF THEOREM
Let u € D'(T™*™) such that
(3.1) Pu = f € G*(T"t™).

It follows from hypothesis (i) that u € C°°(T"*™) thanks to Hormander’s Theorem
(see [Ho|). It follows from ([CH], Lemma 2.1) that there exists a positive constant
C such that

(3.2) [[vllo < C ([[Pvllo + [[v][-1), for v e Co(T™*™).
Since 9%u € C°(T™*t™), it follows from (B.2) that

(3-3) 19%1lo C(I[P(97u)llo + 107 ul|-1)

C (1195 (Pu)llo + [ILP, 0% Jullo + 107 ull-1) -

The proof of the next result is slightly different from the one in [CH]. However, for
the sake of completeness we will include the proof.

<
<

Lemma 3.1. There exists a positive constant B such that
(3.4) |02ullo < Bl (al)*, vV a € Z™.
Proof. We will prove the lemma by induction on «. For o = 0 it is easy to see that

B4) holds true. We now suppose that (4] holds for 8 < «a.
Since @ and f are in G*(T™*t™), there exists a positive constant A such that

(3.5) 102allo < Al“HF Y (al)*, Va ez
and

(3.6) 103 fllo < Al*FH(a)*, ¥V a € 27
We recall that

(3.7) 10z ul[-1 < |02 ullo,

where e; is an element of the orthonormal basis of R™.
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Since the coefficients of X;,j =0,--- ,v, depend only on ¢, then the vector fields
X; commute with 0 and we have

[P, 05u = adgu — 05 (au) = — Z (a) 92 Padlu.

B<a 6

Therefore,

«@ _

I[P, 87 ullo < 102" allsol07ullo.
g
B<a

Then by using [33]), (B:6) and the induction hypothesis we obtain
(3-8) 1P, 02 ]ullo < (at)® Y Al BIoIH,

B<a

By using (33), B.8), B71) and E38) we obtain

(3.9) [|0%ullo < C A‘O‘Hl(a!)s + (o) Z Alel=IBl+1glsl+L B‘a‘(a —ej)!®
B<a

We look for B of the form

(3.10) B=MA, for some M > 1,

such that (3.4) holds. By (3.3) it suffices to choose M such that for all o € Z7" we
have

C | Al (al)® + (al)* Y Al 4 gelprlel(a — ;)1
B<a

< A|a\+1M|a\+1(a!)s.

By simplifying we obtain that the last inequality follows from

1
11 1+ AM S MBI = pplel | < ppled+t
(3.11) Cl1+ ;:a + 5 <

Since for M > 1, we have

(3.12) 3 M < [(%)m _ 1} Ao,

B<a
by BI12) we see that for (BI1]) to hold it suffices that
1 M \"™ 1
1 — 4+ A -1 — | < 1.
(8.13) ¢ (Ma|+1 + KM 1) ] * AM) =

Since the left-hand side of ([B:I3]) goes to zero as M goes to infinity, we conclude that
there eixsts M > 1 such that (3I3) holds and therefore (3.4]) holds with B = M A.
This completes the proof of Lemma [3.11 O

Recalling that

1 _
a(t, &) = e /m e Sy(t, z)dx
it is easy to prove that

(3.14) €%a(t, €)| < C||05ullo, ¥ B € ZT.
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It is standard to prove that (3.14)) and ([34]) imply that there exist positive constants
C, € such that

(3.15) it €)| < Ce—lel® |

Since
i) = s [ (et

it follows thanks to (BIH) that

1
(3.16) la(T, )| < Ceclél*
Now let (tg,xo,70,&0) € T*(T™™)\{0} be such that & # 0. Then there is ¢ > 0
such that
(0, €0) € T={(7,€) € Z""™ : |7| < cl¢[}-
Hence, by [BI6]), we have

1
s

(3.17) a(r,€)] < Ce™¢1mO1* |y (r,€) €T.

Inequality ([BI7)) together with similar microlocal estimates near each elliptic point
(to, o, 70,0),70 # 0 (see [Holl Theorem 8.6.1]), give the estimate

1
s

W(Ta g)l < 0676//‘(775)‘ , v (7—7 §) € Zn+m7
which shows that u € G*(T"*™). The proof of Theorem is complete. d

4. FURTHER RESULTS

We would like to point out that condition (1) in Theorem [[T]is not necessary
for global C'*° hypoellipticity as the following result shows.

Theorem 4.1. Let a and ¢ be real valued functions in C*°(T). The operator
P =07 —a?(t)9% +c(t) is globally C> hypoelliptic in T?, if there is a § such that
a(t) # 0 for all |t| > 0, and

[ 1
(4.1) 0<6< 61+ )

Example 4.1. Let M be a large positive number and let § be such that

64(3 + M)
Choosing a € C*(T) such that a(t) = 0 for all t € (=3, 3), |a(t)| > 0 for |t| > 4,
and ¢(t) = —M, we see that condition (LI]) in Theorem [[1] is not true for the
operator P = —0? — a?(t)02 — M. However, Theorem ELT] applies and shows that
P is globally C'* hypoelliptic in T2.

Next we shall prove Theorem .l For this, we need the following proposition.

Proposition 4.2. Let P be as in Theorem Il Let u € D'(T?) such that Pu =
feC>®((—r,r) xT) withr > 20. Then u € C*((—26,26) x T).
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Proof. Let u € D'(T?) such that
(4.2) Pu=f, feC®(-r,r)xT), where r > 24.

We start by taking a partial Fourier transform in Pu = f. Then we obtain the
equation

(4.3) [~0F +a® (D€ + e()] a(t. &) = F(1,),
forall £ € Z and |t| < 7.

For any ¢ fixed u(t, ) is in C°°((—r, 7)) since (&3) is elliptic in ¢. If we multiply
3) by @ and integrate in t € (—26,26), then we obtain

25 - 25 25 -
- / e (1, €)ia(1, €)dt + / )+ el P = [ oo

—20 — —

If we integrate by parts the last equality, with respect to ¢, then we obtain

25
/ |at(t7£)|2dt - a(tag)at(tvg) zziégg

_26 26 26 ~
+ / €2a2(1) + )t OPdt = [ it )it €.
—25 —20

Then we use the Cauchy-Schwarz inequality to obtain

20 28
@ [ jaeePas [ aoee ke

—20 —20

25 25
1 . 1 ~ = ~ =26
< [yl e ord ) [ 1oR a2
—25 |2 2 )25
Since P is elliptic near ({—26} x T) U ({20} x T) and Pu = f € C®((—r,r) x T),
it follows that u is C* near ({—20} x T) U ({26} x T). Thus, given N € N there
exists C' > 0 such that

28 28
(4.5) / e (2, €) Pt + / meat.o)r

—24

26
< [ |5+ ] tate.Par + 1672, or e ¢ € 20
—26 2

If we write
t

alt, €) = 1(—26,€) + / (s, €)ds,

—25
then it implies that given N € N there exists C' > 0 such that

20 25
(4.6) / [a(t, &)]2dt < C|E|72N + 3262 /% |4 (t, €)|2dt.

—20
1
0<6< |,
64 (3 + llcllo0)

1
3262 <§ + |c||oo> <

Since by hypothesis

then

N =
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By using (@A), relation (£L0) gives

28 28
(4.7) 1/‘mm4Wﬁ+/ a2 ()Ealt,€)Pdt < Cle| 2N,
—28

2 J 2
For |t| < 26 it is easy to prove that

20 28
(45) 1W£W<C</ (e, &)t + | &wmwawﬁ.
—20 —26
It follows from (7)) and (3] that
i, €)| < Clel~, Ve € T\[O}, I <2

By using a standard microlocal analysis argument one can show that u €
C>((—26,26) x T). The proof of Proposition is complete. O

Corollary 4.3. Let a be a real valued function in C*°(T) such that a(0) = 0
and a(t) # 0, Vt € [-m,7)\{0}. Then P = —02 — a?(t)0? + c(t) is globally C*>
hypoelliptic in T2 for any real valued function ¢ € C°°(T).

We conclude this work by considering a sublaplacian corresponding to a pertur-
bation of the vector fields 9; and a(t)d, in Theorem [Tl Its hypoellipticity follows
from Remark 1.2 and a concatenation formula.

Theorem 4.4. In T? let the operator
P =0+ ¢(1))* — a® () (1(t) 0 + 2 (1)),

where the functions ¢, ¢;, j = 1,2, and a € C®(T) are real valued. If a # 0,
P1(t) #0, VteT, and fo% @(t)dt = 0, then P is globally C°° hypoelliptic in T?.

To prove Theorem 4] we shall need the following lemmas.
Lemma 4.5. Let the operator L be given by
L= -0} = a*(t)(1(t)0; + ¥a(1))*,

where (t,z) € T2, and for j = 1,2 the functions 1; and a € C*°(T) are real valued.
Ifa Z0, 1(t) #0, Yt €T, then P is globally C> hypoelliptic in T?.

Proof. This lemma follows from writing L in the form

L= -0} — a®()y7(t)0; — 2a° (1) (t)(t)05 — a® ()13 (1),

2
choosing M = max;cr (@) (t), and observing that

P1
2 )
0030 = ~(@n0) (1) 0 = ~dlann 0.
Then L is globally C* hypoelliptic, thanks to Remark 1.2. O

Lemma 4.6. Let L be as in Lemma and P as in Theorem &4l Then the
concatenation

L (efé ¢<S>dsu) _ Jietads py,

holds true for any u € D'(T?).
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Proof. Let u € D'(T?). Since ¢ € C*°(T) and f t)dt = 0, we have

elo 9()ds ig iy C>(T).

We now consider the operator L given in Lemma Thus we have

L<efg¢(s>dsu) - 92 (efg¢(s>dsu>

- a2(t)(¢1(t)a + 1o (1)) ( S)ds)
= el ¥ g2y _ 26()0u — ¢ (t)u — ¢ (t)u

a2 () (1) (t)8 +1/J2(75))2U]

[0 + 0 (1)) u

— a2 () (1(t)Ds + o ()]

_ ieispy, -

_ e

The proof of Theorem 4] follows from Lemmas and

[A]
[BG]

(BM]

[BT]

[GW]
(H1]

(H2]
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